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and 
(SHRH - S)1, = 0 (m > L )  (-410) 

These relations used for different values of K can be used to 
derive A l m ( ~ )  as well as W L ,  W I H ,  and Irol. 
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If we approximate the structure by its first L spherical com- 
ponents, we obtain for L < 1 < 2L and L < Iml < 1: 

Hlm(lK1) = 0 (A81 

The quantities S L ~ ’  solved via eq 25-27 are related to the 
“true” SI ,  of eq 13 by unknown rotations. So do the SlmH’ 
which are obtained from the SSL. If we assign R = R ( q )  as 
the angles of rotation for Slm’ and RH-R = R(wlH) for SlmH’ 
we can write: 
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ABSTRACT: The translational diffusion coefficient and intrinsic viscosity of the characteristic regular helix corre- 
sponding to the minimum configurational energy of the helical wormlike chain are evaluated by an application of the 
Oseen-Burgers procedure of hydrodynamics to the cylinder model. The model is discussed in relation to the trans- 
port length scales to be adopted, and the possible effect of the coupling between translational and rotational motions 
is examined. Evaluation is carried out with the use of the Oseen hydrodynamic interaction tensor nonpreaveraged 
or preaveraged. The results may be written in terms of four model parameters: the total contour length L, the diame- 
ter d of the cylinder, and the radius p and pitch h of the helix. In all cases, the asymptotic solutions are found. In the 
case of the preaveraged Oseen tensor, the numerical solutions are also obtained. 

Recently, we proposed a very general continuous model, 
called the helical wormlike chain,1,2 for stiff or flexible chain 
macromolecules of all types, and already developed the sta- 
tistical mechanical theory for some of its equilibrium prop- 
erties.2-6 In the present series of papers, we study its steady- 
state transport properties. The model may be regarded as a 
hybrid of the three extreme forms of rod, random coil, and 
regular helix. Thus, first in this paper, we evaluate the 
translational diffusion coefficient, which is related to the 
sedimentation coefficient, and the intrinsic viscosity of the 
characteristic regular helix,’ i.e., one of these extreme forms 
corresponding to the minimum configurational energy of the 
model chain. 

As in the case of the Kratky-Porod (KP) wormlike  hai in,^-^ 
evaluation is carried out by an application of the Oseen- 
Burgers procedure of hydrodynamics to cylinder models, the 
cylinder axis or chain contour being a regular helix for the 
present case. The procedure is rather well established for the 
K P  wormlike cylinder, but two new fundamental problems 
to be considered arise for the present model and therefore also 
for the helical wormlike cylinder. One is in the hydrodynamic 
molecular model itself and the other in the hydrodynamic 
analysis of the frictional force. As previously discussed,l the 
shift factor ML, as defined as the molecular weight per unit 
contour length of the helical wormlike model, is closely related 
to the length scales to be adopted for a given real chain which 

t This paper is contributed to the celebration of the 80th birthday of Dr. Maurice 
L. Huggins, in recognition of his lasting contributions to polymer science. 

is replaced by the former, and such length scales depend, to 
some extent, on the latter and also on the property or behavior 
to be considered. Thus, the values of ML and also of the radius 
and pitch of the characteristic helix determined for various 
real chains from their characteristic ratios and persistence 
vectors do not necessarily apply to the transport properties. 
This is the first problem. The second fundamental problem 
is to examine the effect of the coupling between translational 
and rotational motions such that cross terms occur in the 
generalized 6 X 6 diffusion tensor of skew bodies like the 
regular helix.lOJ1 Note that the coupling of this kind does not 
occur for nonskew bodies like rigid rods and rings. 

Thus, in section I, the hydrodynamic molecular model is 
discussed in relation to the length scales to be adopted. In 
section 11, a formal solution for the instantaneous frictional 
force of the helical cylinder is obtained in the Oseen-Burgers 
approximation without preaveraging the Oseen hydrodynamic 
interaction tensor. In sections I11 and IV, the translational 
diffusion coefficient and intrinsic viscosity are evaluated, 
respectively, each with the Oseen tensor nonpreaveraged or 
preaveraged. In particular, a large part of section I11 is devoted 
to a rather detailed discussion of the coupling effect. In all 
cases, the asymptotic solutions are found. For the case of the 
preaveraged Oseen tensor, the numerical solutions are also 
obtained. 

(I)  Hydrodynamic Molecular Model 
As stated in our hypothesis on polymer chain configura- 

tions,’ the length scales to be adopted in the replacement of 
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Figure 1. Hydrodynamic molecular models. (a) Helical wormlike 
cylinder with the transport length scales nearly equal to the equilib- 
rium configurational ones. (b) Wormlike cylinder with the transport 
length scales larger than the equilibrium ones ( a  helices, polyoxy- 
methylene and polystyrene chains, etc.). (c) Wormlike cylinder with 
the transport length scales equal to the equilibrium ones (DNA, 
etc.). 

a given real chain by the continuous helical wormlike model 
depend on the property of the former to be considered but are 
of the same order as or somewhat larger than the real bond 
length. In general, the length scales are closely related to the 
time scales when the nonequilibrium properties are consid- 
ered.12 The steady-state transport process is one of the slowest 
processes, and its length scales must be of the same order as 
or larger than those associated with the equilibrium chain 
configurations. In other words, it  is difficult to dissolve the 
more precise microscopic structure of the chain from the 
steady-state transport properties. Furthermore, the transport 
length scales for the cylinder model are also affected by geo- 
metrical restrictions on the model, as discussed later. 

Now, the shape of the regular helix as a space curve may be 
determined by the curvature KO and torsion TO, or by the radius 
p and pitch h, lJ3 

In order to determine the size of the helical cylinder model, 
we must further introduce two parameters, the total contour 
length L and the diameter d of the cylinder. Among these, the 
three parameters p, h, and d (or KO, TO, and d )  are related to the 
transport length scales. 

If both p and h determined from the equilibrium chain 
configurations, i.e., characteristic ratios or persistence vectors, 
are much larger than the bond length, as in the case of tactic 
and atactic poly(methy1 methacrylate) chains (see Table I of 
ref l), then they may be adopted as the p and h of the hydro- 
dynamic cylinder model. This case is illustrated in Figure la. 
On the other hand, if both of the equilibrium configurational 
p and h, or one of them, are much smaller than the bond 
length, as in the case of polymethylene, polyoxymethylene, 
and polystyrene chains, then the helix axis should rather be 
chosen as the chain contour of the hydrodynamic model. Thus, 
it reduces to the KP wormlike cylinder whose characteristic 
contour corresponding to minimum configurational energy 
is a straight line (with KO = p = 0), as illustrated in Figure lb .  
Complete (Y helices or polypeptide chains in the helical state 
may also be regarded as belonging to this class, as usual. In this 
case, it is clear that the transport length scales are larger than 
the equilibrium length scales. Indeed, when the equilibrium 
configurational p and h are small, d cannot be given inde- 
pendently of them because of the volume exclusion in one turn 
of the helix. In other words, there are upper bounds of d for 
given p and h. Such bounds of d are determined in the next 
section. For chains of high axial symmetry like DNA, which 
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may be represented by the KP chain, the helix axis should also 
be taken as the chain contour. For this class of chains, as il- 
lustrated in Figure IC, the KP wormlike cylinder model is 
hydrodynamically valid as in class b, but the equilibrium 
configurational and transport length scales are of the same 
order. 

The definition of class c is obvious. In most cases of classes 
a and b, however, it is in general difficult to determine a priori 
which class a given real chain belongs to. The hydrodynamic 
model parameters p,  h, and d should rather be determined 
from experiment with the use of theoretical expressions for 
the transport coefficients. In the following sections, we develop 
the hydrodynamics of the helical cylinder specified by L, d, 
p ,  and h, apart from the consideration above. 

(11) Frictional Force 
Let vo be the unperturbed flow field of a solvent with vis- 

cosity coefficient 70, which is assumed to be linear in space (or 
nonexistent), and let U be the velocity of the helical cylinder 
moving in the solvent. In the Oseen-Burgers approximation, 
a frictional force distribution f(x) per unit length along the 
cylinder axis as a function of the contour distance x (-L/2 5 
x -< L/2) satisfies the integral equation, eq 6 of ref 9, 

(8~70) - '  SLIP K(x,y) . f ( y )  dy = U(x) - vO(x) ( 2 )  
-LIZ 

with K the tensor defined by 

K(x,y) = 8 5 ~ o ( T ( R  - I)) ,  (3) 
where R is the vector distance from the contour point x to the 
contour point y ,  r is the normal radius vector from x to an 
arbitrary point on the cylinder surface so that I r I = d/2 ,  ( ) 
designates the average over r, Le., over the normal cross sec- 
tion of the cylinder a t  x, and T is the Oseen tensor, 

(4) T ( R )  = ( 8 ~ 7 & ) - ~ ( 1  + RR/R2) 
with I the unit tensor. 

We define the inverse K-l(x,y) of K(x,y) as 

S(x - y ) I  = sLl2 K-l(x,x') - K(x',y)dx' 
-LIZ 

= sL'2 K(x,x') K-l(x',y) dx' ( 5 )  

with S(x) the Dirac delta function. [This inverse is not to be 
confused with the inverse K(x,y)-l of the 3 X 3 matrix 
K(x,y).] By the use of the first part of eq 5 ,  the formal solution 
of eq 2 is obtained as 

f (x)  = 8 ~ 0  J L i 2  dyK-'(x,y) [U(y) - vo(y)] (6) 

Now, we derive expressions for various vector distances and 
the tensor K(x,y) required to complete eq 6. I t  is then con- 
venient to introduce instead of p and h the parameters p and 
u defined by 

p = T O ( K O ~  + ~ 0 2 ) - l / ~  = h(1 + 4,2p2/h2)-1/2 

-LIZ 

-LIZ 

U = ( K O 2  + = 2 T / l o  (7) 
with 10 = 2*(p2 + h2/4a2)1/2 the contour length of one turn of 
the helix. Note that p determines h / p ,  Le., the form of the helix 
apart from its size, the helix being right handed for p > 0 and 
left handed for p < 0, so that the rod and ring correspond to 
the limits Ipl = 1 and p = 0, respectively (0 5 lpl  5 1). 

Further, it is convenient to introduce localized and molec- 
ular Cartesian coordinate systems besides the external Car- 
tesian system (ex, ey, e,) used above. The axes of the localized 
system (eg,e,,ef) defined at  the contour point x are taken in 
the directions of the unit vectors forming the moving trihedron 
(a,b,u),' where u is the unit tangent vector of the helix a t  x, 
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a is the unit curvature vector a t  x ,  and b = u X a is the unit 
binormal vector. The superscript (1) is used to indicate vectors 
and tensors expressed in this system. The molecular coordi- 
nate system (el,e2,e3) is defined as follows: the 3 axis is taken 
along the helix axis, the 1 axis is taken to pass through the 
contour point x = 0, and the 2 axis completes the right-handed 
system. The superscript (m) is used to indicate vectors and 
tensors expressed in this system. No superscript is used for 
vectors and tensors in the external system. 

Let R(x) be the vector distance from the origin of the mo- 
lecular coordinate system to the contour point x ,  and let S ( x )  
be the vector distance from the center of mass of the helical 
cylinder to the contour point x .  We then have, from differ- 
ential geometry, 

Rcrn)(x) = (1 - p2)1/2u-1 cos (vx)el 
+ (1 - ~ ~ ) ~ / ~ v - l s i n  (vx)e2 + pxe3 (8) 

R(m)(x,y) I R(")(y) - R(")(x) 
= ( I  - p2)%-1[cos (vy) - cos (vx)]el+ (1 - p2)1/2v-1 

X [sin (vy) - sin (vx)]e2 + p(y - x)ea (9) 

+ 2(1 - p2)v-2(1 -cos [v(y - x ) ] l  (10) 

+ (1 - p2)1/2v-1  sin ( v x ) e 2  + pxe3 (11) 

[R(")(XJ)]~ = [R(x,y)12 = p2(y - xI2 

S(m)(x) = (1 - p2)1/2v-'[cos ( v x )  - (vL/2)-1 sin (vL/2)]el 

Useful transformation formulas are 

S(X) = A((Y,/~,Y) - S ( m ) ( ~ )  

K ( ~ , Y )  = A(a,B,y) * K ( " ) ( ~ , Y )  * A(a,P,yIT 

R(')(XJ) = N ( x ) ~  - R ( m ) ( ~ , y )  

Kcm)(x,y) = N(x) K(')(x,y) * N ( x ) ~  (12) 

where the superscript T indicates the transpose, A is the 
matrix transforming the (el,e2,e3) system to the (e,,e,,e,) 
system with a,  0, and y the Euler angles for the latter in the 
former such that e3 e, = cos a,  and N is the matrix trans- 
forming the (eg,e,,ec) system to the (el,e2,e3) system, eq 13 and 
14. 

Substitution of eq 17 into eq 15 and integration over q leads 
to 

K(')(x,y) = (R2 + 1/4d2)-1/2[fl(X)I 
+ (R2 + l/4d2)-'h(')] (18) 

where 

' >[CI + ( R t -  - R , ' ) C J ]  RIR,C? R$,C i 

R,R;Ci R,R;C, R ' f A X )  
A'" = [ R,R,,C? l/>[Cl - ( R f 2 - R 7 2 ) C j ]  R , R , € ,  ] (19) 

f 3 W  
3d2(Rt2 + R,') 
4(R2 + '/4d2) 

C1 = (Rt2 + Rq2 + '/4d2)f2(x) - 

(20) 

(21) 

with R R ( x , y ) ;  RE, R,, and Rc are the components of 
R(l) ( x  ,Y 1, 
R(')(x,y) = (1 - p2)ll2v-l(l - cos [v(y - x)]}et 

3d 2 
c3 = f 2 W )  - 8(R2 + l/4d2) f 3 ( X )  

X = d2(Rt2 t RV2) / (R2  t 1/4d2)2 

+ p(1 - p2)1/2v-l{v(y - x )  - sin [v(y - x)]}e, 
+ {$(y - x )  + (1 - p 2 ) v - l  sin [v(y - x)])ec (22) 

and f i ( x )  ( i  = 1-4) are the Gauss hypergeometric functions 
F, 

fib) = F(1/4,3/4,1;x) 

f 2 b )  = F(5/4,3/4,1;x) 

f 3 b )  = F(5/4,7/4,2;x) 

f 4 b )  = F(5/4,7/4,3;x) (23) 

Note that F is defined by 

cos a cos p cos y - sin p sin y 
-cos a cos P sin y - sin (3 cos y -cos a sin /3 sin y + cos p cos y sin a sin y ] 
sin a cos /3 sin a sin cos a 

cos a sin 0 cos y + cos p sin y -sin a cos y 

(13) 

1 -cos ( v x )  p sin ( v x )  -(I - sin ( u x )  
- p 2 ) l l 2  cos ( v x )  (14) 

The evaluation of K(')(x,y) is rather easy, and Ktm)(x,y) and 
K(x,y) are obtained by the use of eq 12-14. If we use the 
Fourier representation of the Oseen tensor7J4 in eq 3, we 
have 

K(l)(x,y) = 7r-2Jq-4(q21 - qq) exp[iq e R(l)(x',y)] 
X (exp[-iq - r(l)(x)] ) r  dq (15) 

We express q, R('), and r(l) in a cylindrical coordinate system 
associated with the (ef,e,,ec) system; q = (pq,xq,zq), and so on. 
By the use of the Fourier-Bessel expansion of the exponential 
in O r ,  

exp(-iq r(1)) 
m 

= exp(-iz,z,) )3 ( - i I n J n ( p q p r )  exp[in(x, - x,)] (16) 
n=--m 

with Jn  the Bessel function of the first kind, we find 

(exp(-iq * r ( ' ) ) ) r  = JoWzd~,) (17) 

with I? the gamma function. Equation 18 gives the kernel with 
the nonpreaveraged Oseen tensor. 

In the case of the preaveraged Oseen tensor, we may replace 
K(x,y) by its configurational average ( K ) ,  i.e., the value av- 
eraged over the orientation (a,p,y) of the helical cylinder. 
Since the 3 X 3 tensor K(') is symmetric, and A and N are or- 
thogonal, ( K )  becomes equal to the unit tensor multiplied by 
one-third of the trace of K(l). After some algebraic manipu- 
lation with the hypergeometric functions, we obtain 

( K ( ~ , Y ) )  = 4/3K(x,~)I (25) 

K(x,y) = ( R 2  + 1/4d2)-1/2f1(X) (26) 

Note that in general K(w,y) = ( ( I R - r I )=) and that in 
the present case without internal degrees of freedom K(x,y) 
= ( I R - r 1-l) r. Since K(x,y) depends only on I x  - y I E t ,  we 
may put 

K(X,Y) = K ( t )  (27) 
Finally, we give geometrical restrictions on d which_arise 

from the volume exclusion in one turn of the helix. Let do be 

with 
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Table I 
Values of the Upper Bound do of vd as a Function of lpl 

1111 d o  IPI do 

0.025 0.1570 0.175 1.083 
0.050 0.3138 0.200 1.231 
0.075 0.4699 0.250 1.520 
0.100 0.6252 0.300 1.796 
0.125 0.7792 0.350 2.053 
0.150 0.9318 0.3712* 2.154 

- - 

a For 0.3712 5 ( P I  1. 1,& = 2(1- 

the upper bound of ud. For 0.3712 1 Ip1 1 1, we have 20 = 
2 U / K o  = 2(1 -  p2)-I l2,  where we note that the radius of curva- 
ture of the helix is equal to ~ 0 - l .  For 0 5 1p1 5 0.371_2, do is 
equal to  the smallest minimum (>O)  of the function d ( x ) ,  

d ( x )  = [p%2 + 2(1 - p2)(1 - cos x)]1/2 (28) 

The values of 20 as a function of Ipl (10.3712) are given in 
Table I. I t  must however be noted that & is not an act@ 
hydrodynamic bound, which is somewhat smaller than do 
since the solvent molecules have finite size and cannot pass 
through the helical cylinder if vd exceeds some value smaller 
than 20. 
(111) Translational Diffusion Coefficient 

For the evaluation of the translational diffusion and friction 
coefficients, we may consider the unperturbed flow field to 
be nonexistent, 

VO(X) = 0 (29) 

In this case, the translational and rotational motions of the 
helical cylinder in general are coupled since it is a skew body. 
Let UO be the instantaneous translational velocity of an ar- 
bitrary point 0 rigidly affixed to the cylinder, and let Q be the 
instantaneous angular velocity of the cylinder. The velocity 
U(x) of the contour point x is then given by 

U(x) = uo + n x Ro(x) 

= Uo + Bo(x) * 0 (30) 

where R&) is the vector distance from the point 0 to the 
contour point x ,  and B&) is the tensor defined by 

BO = -Ro,z 0 R O , ~  ] (31) 

with Ro = R O , ~  e, -t R o , ~  ey + Ro,Z e,. Note that the quantities 
with the subscript 0 in eq 30 depend on the location of the 
point 0 but  U(x) does not, Q being a free vector. 

With the Nonpreaveraged Oseen Tensor. The frictional 
force distribution for this case is given by eq 6 with eq 29 and 
30, 

f(x) = 8 ~ 7 0  SL” dyK-’(X,y) * [Uo + Bo(y) * Q ]  (32) 

- 

0 R o , ~  -Roll LO,> -ROJ 0 

-L/2  

The total frictional force F and torque To (not to be confused 
with the Oseen tensor) are given by 

F = lL’2 f(x) dx 
-L/2  

(33) 

TO = SL” [Rob)  X f (x)]  dx 
-LIZ 

= SL” Bo(xIT. f ( x )  dx (34) 
-L/2 

and may therefore be written in the form, 
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To = - Uo + Eo,r n i36) 

where we note that the torque To and the tensors with the 
subscript 0 depend on the location of the point 0. 

Now, we introduce the reduced variables x’ = 2x/L and y’ 
= 2y/L and drop the prime in the remainder of this subsection, 
for simplicity. Then, the tensors in eq 35 and 36 are given 
by 

Et = 8 ~ 0  l, @i(x) dx 

 BO,^ = 2a70-L~ l: Hob IT - 9 2 ( x  1 dx 

1 

(37) 

with 

Ho(x) = (2/L)Bo(x) (38) 

From the second of eq 5 and eq 32-37, the tensors 91 and 92 
are seen to be the solutions of the integral equations, 

(39) 1: K(x,y 1 *I(Y 1 dy = I 

Equations 35 and 36 are general formulas for the frictional 
force and torque in the translational and rotational motions 
of a body in a viscous fluid at rest, and Et, and  EO,^ are the 
translational, rotatory, and coupling friction tensors, re- 
spectively.11 In the Stokes flow with exact no-slip boundary 
conditions, there holds the relation,” 

(41) 

In the present case, however, this relation does not hold 
strictly but only asymptotically for L >> d, since K(x,y) is 
asymmetric with respect to x and y and becomes symmetric 
asymptotically. I t  is clear that this breakdown of the self- 
consistency arises from the Oseen-Burgers approximation. 
Therefore, we should rather replace approximately the EO,: 
in eq 35 by ZO,cT in order to preserve the self-consistency, sr) 
that this replacement may partly compensate the Oseen- 
Burgers approximation. However, it is the advantage of the 
Oseen-Burgers procedure that eq 35 and 36 can be derived 
with explicit expressions for the friction tensors even for 
complicated bodies like the helical cylinder. 

I t  is instructive to refer to some further general properties 
of these friction tensors.ll The translational and rotatory 
friction tensors are always positive definite and symmetric 
independently of the location of the point 0, while the cou- 
pling friction tensor in general is not symmetric. However, 
there is always a unique point for all bodies a t  which the 
coupling tensor is symmetric, and this point OR is called the 
center of reaction; that is, a t  0 = OR. For highly 
symmetric, nonskew bodies such as rods and rings, the 
translational and rotational motions are decoupled in the 
sense that = 0 if the center of reaction is taken as the point 
0. Then, this point, called the center of hydrodynamic stress, 
is identical with Zimm’s center of resistance.’j In the partic- 
ular case of a long helix with 0 = OR, all the friction tensors 
are symmetric, and can be diagonalized at  the same time for 
its proper orientation, so that then the force and torque vec- 
tors are in the direction of one of the external coordinate axes 
if the translational and angular velocity vectors are parallel 
to that axis. In other words, if an external force is applied on 

I go,: = EO,cT 

= 
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Table I1 
Values of the Integrals ci ( i  = 1-5) as Functions of Ipl and vd 

IF1 ud c1 c2 c3 c4 c 5  

0.1 0.1 
0.3 
0.5 

0.1572 0.1 
0.3 
0.5 
0.7 

0.3 0.1 
0.3 
0.5 
0.7 
1.0 

0.6227 0.1 
0.3 
0.5 
0.7 
1.0 

2.0964 
1.5253 
1.2388 
1.7126 
1.1482 
0.8851 
0.7120 
1.5967 
0.9971 
0.7249 
0.5529 
0.3836 
2.2876 
1.3983 
0.9973 
0.7464 
0.5030 

408.458 
52.489 
23.494 

403.584 
47.843 
19.239 
11.230 

401.191 
45.504 
16.991 
9.100 
4.866 

400.387 
44.747 
16.262 
8.399 
4.206 

it in the direction of, for instance, its helix axis, it translates 
in this direction and rotates about its axis. 

The solutions of eq 35 and 36 with 41 for UO and fl are 

kTUo = Do,t F +  DO,^^ * To 

kTfl  = Do,c * F + D,.To 

(42) 

(43) 
where k is the Boltzmann constant, T is the absolute tem- 
perature, and D,, and Do,c are the translational, rotatory, 
and coupling diffusion tensors. We note that the center of 
diffusion a t  which Do,c is symmetric is identical with the center 
of reaction.'O The translational and rotatory diffusion tensors 
are explicitly given by 

If there is no coupling effect = 0), eq 44 and 45 reduce to 
the well-known relations. 

Now, we are interested in the sedimentation coefficient s, 
which is related to the mean translational diffusion coefficient 
D, averaged over the molecular orientation. The latter may 
be calculated from 

D = 1/3TrDo,t = 1/3TrDo,t(m) (46) 

where Tr  indicates the trace. Note that the mean translational 
velocity ( U )  produced by the centrifugal force F (in the ab- 
sence of an external torque) is equal to (D/kT)F indepen- 
dently of the location of the point 0. The evaluation of D is 
carried out conveniently with the use of the molecular coor- 
dinate system. Then, note that eq 37-45 (as well as eq 46) are 
valid if the vectors and tensors are replaced by the corre- 
sponding quantities in the molecular coordinate system. The 
problem is to solve the integral eq 39 and 40 for and *2. 
As shown in the Appendix, this can be done semianalytically 
for Ipl-lud << 1 and uL - a, Le., for the cylinder diameter 
much smaller than the pitch and for a large number of helix 
turns. Thus we find the asymptotic solution for D, from eq 37, 
44, and 46, as 

with 

co = In [l + 8(1 - pz)u-2d-2] 

403.078 
47.001 
19.038 

399.768 
44.595 
16.280 
8.486 

398.538 
43.407 
15.161 
7.454 
3.426 

398.325 
43.234 
15.007 
7.313 
3.300 

1.2452 
1.1844 
1.0850 
0.6399 
0.6087 
0.5701 
0.5227 
0.2241 
0.1692 
0.1431 
0.1254 
0.1059 
0.7190 
0.3754 
0.2234 
0.1319 
0.0498 

0.0138 
0.1184 
0.3150 
0.0067 
0.0559 
0.1480 
0.2786 
0.0029 
0.0221 
0.0561 
0.1029 
0.1943 
0.0012 
0.0082 
0.0192 
0.0332 
0.0580 

c3 = Le k l - 3  COS t dt 

where k l  and k2 are functions of t defined by 

k l ( t )  = [ p 2 t 2  + '/4U2d2 + 2(1 - p2)(1 - COS t ) ] ' l 2  

k2(t) = [ l r2t2 + '/4U'd2 + 2(1 - / L ~ ) ] ' / ~  (49) 

The values of ci (i = 1-4) as functions of 1pl and ud are given 
in Table 11. 

I t  is important to note that the terms displayed in eq 47 
arise only from Zt in eq 44, so that the coupling effect occurs 
in higher order terms. In this connection, it should be stated 
that for helical bead models, Hoshikawa and SaitoI6 have 
evaluated the coupling friction coefficient between the 
translation in the direction of the helix axis and the rotation 
about it, which becomes negligibly small for L - m. When I p1 
= 1, the coupling effect vanishes completely, and eq 47 reduces 
to the corresponding equation for the rod, 

D(rod) = - kT [In ($) + 2 In 2 - 1 + O(L-')] (50) 
3aooL 

so that 
D(he1ix) lim -- - 1 4 - I  

L - ~  D(rod) 
We note that the restriction Ip/-'ud << 1 is not necessary to 
derive eq 50. 

Unfortunately, numerical solutions for this case with ar- 
bitrary L and d cannot be obtained with sufficient accuracy 
a t  the present time. 

With the Preaveraged Oseen Tensor. If the Oseen tensor 
is preaveraged, K(x,y) in eq 32 may be replaced by 4/3K(x,y)I ,  
and the same development as in the preceding subsection 
except this replacement may be repeated, thereby in principle 
leading to the mean translational diffusion coefficient with 
some coupling effect. However, its physical meaning is not 
clear. In the present case, we should rather take the orienta- 
tional average of both sides of eq 32 a t  constant UO ),U) and 
R ,  so that the coupling term (Bo(y ) )4  in eq 32 vanishes. This 
procedure gives, instead of the mean translational diffusion 
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0 
2 3 4 5 6 7 8  

In (L/d) 

Figure 2. The reduced sedimentation coefficient S plotted against 
In ( L l d )  for Ihllp = 1 ( I p l  = 0.1572) and for the indicated values of 
ud. The broken curve represents the corresponding values for the rod 
(lrl = 1). 

coefficient D, the mean translational friction coefficient E 
defined by 

( F )  = 5U (52) 

D being obtained from E by the use of the Einstein relation, 
as in the Kirkwood-Riseman p r0~edure . l~  If we adopt the 
Kirkwood-Riseman approximation7J7 in which the depen- 
dence of f (x)  on x is ignored, D may then be computed 
from 

k T  L D = ~ & ( L  - t ) K ( t )  dt 
3*l)oL2 

(53) 

where K ( t )  is given by eq 26 and 27. 
The integral in eq 53 may be evaluated semianalytically for 

uL - a (without the restriction I p l - b d  << l), as shown in the 
Appendix, and we find 

where co and c1 are given by eq 48, and c5 is defined by 

c5  = ly hl-l[fl(X) - 11 dt (55) 

with t = V I  x - y I. The values of c5 are also given in Table 11. 
If the restriction IpL(-lvd << 1 is imposed, the c5 term drops in 
eq 54. I t  is important to observe that the leading term of the 
D given by eq 54 agrees with that given by eq 47 and that when 
Ipl = 1, eq 54 becomes identical with eq 50 (and also with eq 
54 of ref 7) since then f l ( X )  - 1 = c5 = 0, so that eq 51 is also 
valid in this case. This is the advantage of the present proce- 
dure using eq 53. 

The integral in eq 53 may also be evaluated numerically. I t  
is then convenient to  introduce the dimensionless quantity 
S defined by 

5 = 3?rq&D/kT (56) 

which is related to the sedimentation coefficients by 

s = M L ( ~  - c p o ) S / 3 * ? l a A  (57) 

2 1  

2 3 4 5 6 7  
In (L/d) 

3 

Figure 3. The reduced sedimentation coefficient S plotted against 
In ( L l d )  for Ihllp = 5 ( ) P I  = 0.6227); see legend to Figure 2. 

where N A  is the Avogadro number, M L  is the shift factor, is 
the partial specific volume of the solute, and po is the mass 
density of the solvent. The values of S thus obtained (for L/d 
5 10) are plotted against In ( L l d )  for various values of ud in 
Figure 2 for I h I / p  = 1 ( 1  p( = 0.1572) and in Figure 3 for ( h  l / p  
= 5 ( 1  ~1 = 0.6227). The numbers attached to the curves indi- 
cate the values of ud. The broken curves represent the corre- 
sponding values of B for the rod. For large L/d, the slope of S 
for the helix is equal to I p1-l and larger than that for the rod, 
and it appears that B for the helix becomes identical with that 
for the rod a t  small Lld, as expected. 

(IV) Intrinsic Viscosity 
Consider the unperturbed shear flow vo in the direction of 

e, with the time-independent velocity gradient g. The first 
problem is to  give an explicit expression for the velocity U(x) 
of the contour point x .  In the case of a highly symmetric, 
nonskew body, whose center of resistance (approximately the 
center of mass) is assumed to be located a t  the origin of the 
external coordinate system, there is no need of considering any 
coupling effect, and the body may be regarded as rotating 
about the z axis with the rotational part of the flow, i.e., with 
the angular velocity -g/2 in the limit g - 0. This is the 
Kirkwood-Riseman assumption,17 and indeed, it has already 
been verified by the Brownian motion theory in the case of, 
for instance, rods.'8 However, this is not necessarily the case 
with skew bodies. The coupling effect on the convective part 
of U has indeed been formulated,lO but the diffusive part is 
also necessary for the present pr0b1em.l~ In other words, we 
must evaluate the coupling effect on U under the influence 
of Brownian motion. This problem will be considered else- 
where. In the present paper, we simply adopt the Kirkwood- 
Riseman assumption, expecting that the coupling effect may 
be ignored for the intrinsic viscosity as well as the diffusion 
coefficient of long enough helical cylinders. It will be physi- 
cally reasonable. We then have8 

vo(x) - U(x) = l/2g(eXey + eyex)  S ( x )  (58) 

where the center of mass is fixed a t  the origin of the external 
coordinate system (its x and y axes not to be confused with 
the contour distances x and y). 

Now, the intrinsic viscosity [q] may be written in the 
form, 
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[TI] = -(NA/MTI&) 1:; e , .  ( f (x)S(x) )  - e y  dx (59) 

with M the molecular weight of the helical cylinder. If we 
substitute eq 6 with 58 into eq 59 and reduce x and y by L/2 
as before, we obtain 

with 

\ k ( x )  = aL l: dye, - ( A  - K(m)-l(x,y) A T  - (exey 

+ eyex)  - A .  [S(m)(y)S(m)(x)] AT) e, (61) 

where K and S are expressed in the molecular coordinate 
system, for convenience. 

For the evaluation of the orientational average in eq 61, it 
is convenient to expand the transformation matrix A(a,P,y) 
and the matrix product AT (e, e, + eye,) A in terms of the 
Wigner functions a ) l k j ( a , @ , y ) ,  as defined by eq 15 of ref 3, as 
follows, 

A = (8/3)1/2~ M l k j a 1 k j  (62) 
1 

k , j=-1  

AT.(e ,e ,+  e,e,) .A 
2 

k , j=-2  
= (8/5)'/% (6jz + 6j,-2)M2kja)2k; (63) 

where 

M z =  0 0 

0 0 1  
M3=[' ; :] 

(66) 

the asterisk indicating the complex conjugate. 

eq 61 may be rewritten as 

Q ( x )  = [16(10)1/2a3/15] 

With the Nonpreaveraged Oseen Tensor. In this case, 

2 
x t: c (6jZ + 6j , -z)e , .  M ~ ~ U ' I  

k , j , = - l  k,j=-2 

X [~kj(m)(x)S(m)(X)] * ( M I ~ U ' Z ) ~  - e, ( D  k u l a )  2kJ ) (67) 
with 

\ko2(m) = Qo -Z(m)* I [5(6)1/2/3]i$l(m) 

q l z ( m )  = Qt1,.(m)* = - ~ ~ , - ~ ( m )  

= -@-l,-z(m)* I -5($+m) + iq3(m)) 

Qz2(m) = Q-2,+)* = -\k2,-2(m) 

= - Q - ~ , Z ( ~ ) *  I 5($4(m) + i$5(m)) (68) 

where the vectors $ j jm)  fj' = 1-5) are the solutions of the in- 
tegral equations, 

1: K(m)(x,y) $ j ( m ) ( y )  dy = (2a/5L)M,. S ( m ) ( x )  (69) 

From the property of the Wigner function (eq 33 of ref 3), we 
have 

where (1::) is the Wigner 3 - j symboLZ0 Thus, if $j(m)  = 
($ j1 ,$ j~ ,$ j3 )  and S(") = (S1,S2,S3), we obtain 

= '/3(-$1lsl - $1282 + 2$13s3) 

+ ($2283 + $2382) + ($3183 + $33s1) 

+ ($4182 + $ 4 2 s 1 )  + ($51s1  - $ 5 2 s 2 )  (71) 

As in the preceding section, the integral eq 69 may be solved 
semianalytically for I~I-lvd << 1 and uL - m (see the Ap- 
pendix), and we find the asymptotic solution for [TI ] ,  from eq 
60 and 71, as 
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duces to  the corresponding equation for the rod previously 
d e r i ~ e d , ~  

so that  

(74) 

Note that the restriction I p I -Iud << 1 is not necessary to derive 
eq 73. Numerical solutions of eq 69 cannot be obtained with 
sufficient accuracy a t  the present time. 

With the Preaveraged Oseen Tensor. In this case, K(x,y) 
and hence K(m)(x,y) may be replaced by 4/3K(x,y)I, so that eq 
61 reduces to 

\k(x) = 8a2 ey * Mlklll - [J/(m)(x)S(m)(x)] 
k i J r= - l  - (Mlku21T - ey ( a ) l k U l f D l k u 2 )  (75) 

where the vector J / ( " ) ( x )  is the solution of the integral equa- 
tion, 

l: K(x,y)J/(m)(y)dy = (T/L ) S ( m ) ( ~  1 (76) 

From the orthogonality property of the Wigner functions (eq 
18 with 32 of ref 3), we have 

( a)ikU1fDlku2) = (8a2)-'(-1) kl-~1S-kl,k26-,l, ,2 (77) 

Then eq 75 becomes 

W x )  = J/'"'(x) * S ( m ) ( x )  (78) 

The integral eq 76 may be solved semianalytically for uL - 
m (without the restriction Ipl-bd << l), and we find 

7 
3 

+ 2 In 2 - - - co + 2 ( p ( ( l  - p2)c1 

+ l F l C 5  + o(u-'L-')]-l (79) 

When lpl = 1, eq 79 reduces to the corresponding equation 
for the rod previously derived,8 

aNAL3[ ln ($) + 2 In 2 - - 7 + O(L-1)I-l  (80) 
3 

[sl(rod) = - 24M 
so that  eq 74 is still valid in this case. 

The integral eq 76 may also be solved numerically. In this 
connection, we note that it is not of the Kirkwood-Riseman 
type but of the Zimm-Stockmayer type21,22 in the sense that 
it is an integral equation for the instantaneous force f instead 
of for the average (ex - f (x)S(x ' )  - ey ) as in the Kirkwood- 
Riseman procedure. However, integral equations of the latter 
type had already been used necessarily in the evaluation of 
[a] for rodsgJ8 and rings23 with the nonpreaveraged Oseen 
tensor, as in the preceding subsection, before Zimm21 rec- 
ommended them from the point of view of the efficiency in 
numerical solution. Now, for a computer job, both types of 
integral equations with the preaveraged Oseen tensor may in 
general be replaced by m sets of n simultaneous linear equa- 
tions, which read in matrix notation 

K - X = Y  (81) 
where K is the n X n matrix whose xy  element is K(x,y), and 
X (unknown) and Yare n X m matrices. Note that Y depends 

300 

200 
x 

100 

0 

2 3 4 5 6 7 0  
In (L/d) 

Figure 4. The function y (proportional to M 2 / [ q ] )  plotted against In 
( L / d )  for Ih J / p  = 1 (1p1 = 0.1572) and for the indicated values of ud. 
The broken curve represents the corresponding values for the rod ( 1 ~ 1  
= 1). 

on the type of integral equation, and that in the case of rigid 
molecules, m -< 3 for the Zimm-Stockmayer type and m = n 
for the Kirkwood-Riseman type, while in the case of flexible 
chains, m = n for both types. (In the latter case, the xy ele- 
ment of Y is 6,, for the ZS type.) We have found that the 
computation time depends mainly on the value of m. Indeed, 
in the case of rigid molecules, the total time of the KR-type 
computation of [a] is two or three times as long as that of the 
ZS type, while in the case of flexible chains, both are about the 
same, despite the recommendation of Zimm. However, the 
ZS-type formulation is of course more elegant. 

In practice, the method of SchlittZ4 has been applied to solve 
the integral equations, and integrations have been carried out 
by the use of Gaussian quadratures with n = 40,64,80, and 
96, followed by extrapolation to n = m. All numerical work has 
been done by the use of a FACOM M-190 digital computer a t  
this University. For the present case (eq 76), the error in [a] 
does not exceed 1% for Lld 2 40 and 5% for 10 5 L/d < 40, 
sufficient accuracy being unattainable for L/d 5 10. For the 
presentation of the results, it is convenient to introduce the 
dimensionless quantity y defined by 

[a] = aN*M2/24M~3y (82) 

The values of y thus obtained are plotted against In (Lld) for 
various values of ud in Figure 4 for Ih l / p  = 1 ( 1 ~ 1  = 0.1572) and 
in Figure 5 for I h I / p  = 5 ( I p I = 0.6227). The numbers attached 
to the curves indicate the values of ud, and the broken curves 
represent the corresponding values of y for the rod. The slope 
of y for the helix is equal to I ,U I -3  for large L/d, and therefore 
the effect of the helix formation is much more remarkable on 
the intrinsic viscosity than on the sedimentation coeffi- 
cient. 

(V) Conclusion 
We have evaluated the translational diffusion coefficient 

and intrinsic viscosity of helical cylinders by the Oseen- 
Burgers procedure, as in the case of wormlike cylinders. Ac- 
tually, very few real chains, or none of them, may probably be 
represented by the regular helix as far as the transport prop- 
erties are concerned. I t  has the significance only as the char- 
acteristic helix, Le., one of the three extreme forms of the he- 
lical wormlike chain corresponding to minimum configura- 
tional energy. The end-to-end distance of the helix is smaller 



942 Yamakawa, Yoshizaki, Fujii Macromolecules 

20 
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x 10 
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0 '  I I I 1 
2 3 4 5 6 7 8  

In (L/d)  
Figure 5. The function y plotted against In (Lid) for Ih l / p  = 5 ( l p l  
= 0.6227); see legend to Figure 4. 

than that of the rod of the same contour length, and the helix 
formation from the rod increases the translational diffusion 
and sedimentation coefficients and decreases the intrinsic 
viscosity, the effect on the latter being larger, as seen from the 
present results. Such helical behavior or trend will remain in 
the transport coefficients of the helical wormlike chain. These 
problems will be studied in later papers. As for the coupling, 
it may be concluded that if the Oseen tensor is preaveraged 
in the Kirkwood-Riseman scheme, it does not affect the 
translational diffusion and sedimentation coefficients a t  all, 
while even then there is a possibility of its influence on the 
intrinsic viscosity of short helices, though it has not been ex- 
plicitly shown. 

Appendix. Asymptotic Solutions. 
We derive the asymptotic forms for D and [7] in the limit 

uL - a. We first consider the case of the nonpreaveraged 
Oseen tensor. Then, the kernels of the integral eq 39,40, and 
69 to be solved are K(m)(x,y) (-1 5 x ,  y 5 l) ,  evaluation being 
carried out in the molecular coordinate system. For this pur- 
pose, we must further introduce the restriction IpI-lud << l ,  
so that K(m) may be written as 

where k l  is given by eq 49, N(x) is the transformation matrix 
given by eq 14, and M is a matrix defined by 

M = [ E  w] (A21 

Although the solutions and q 2 ( m )  for eq 39 and 40 are 
tensors and the solutions +j(m) for eq 69 are vectors, we may 
apply essentially the same method of solution. We therefore 
take eq 39 as an example. 

Following the procedure of Yamakawa and Fujii,s we ex- 
pand the solution q 1 ( m ) ( x )  in terms of the Legendre polyno- 
mials P1 ( x  1, 

el(m'(x) = E- *kl,PAx) (A31 

Then, the integral eq 39 reduces to a set of linear equa- 
tions, 

l=O 

m c akl * *l, l  = Ik (A4) 
l=O 

with 

aki = 1: 1: Kcrn)(x,y)Pk(x)Pi(y) dx dy (A51 

Ik = s-: IPk(x) dx (A61 

Note that in the present case of 91(rn), I is the unit tensor, so 
that Ik = 2bok I. Let a be the supermatrix whose k l  component 
is akl, and let Akl be the 3 X 3 component matrix of A = a-l. 
Then, the solution of eq A4 is 

*i ,k  = 2 Aki * Ii (-47) 

The friction tensors and intrinsic viscosity may be expressed 
in terms of Akl. For example, we have, from eq 37, A3, and 
A7, 

1 =o 

&(rn) = Sa70 ' I ? I ( ~ ) ( X )  dx = 32r7oAoo (A8) s-: 
Now, it can be shown that in the limit uL - a, lakl I (k # 

1 )  become negligibly small compared to Iakk I, and therefore 
Akl may be expanded in the form, 

Akl = [ bklI - (1 - 6kl)akl * all-' 

+ E akm. amm-l - aml. all-1 - . . . ]  ( ~ 9 )  

Further, it  can be shown that the leading term of eq A9 and 
therefore only akk are required for the derivation of the desired 
asymptotic forms; that is, 

m=O 
k # r n # l  

with (all-l)ij (i , j  = 1,2,3)  the i j  elements of 
no coupling effect occurs in eq A10. 

given by 

Note that 

The elements (akk)ij of akk required in eq A10 and A l l  are 
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1 
16 

+ - lpl(1 - p2)v2d2c2  + O ( v - l L - l ) ]  (A12) 

where ci (i = 0-4) are given by eq 48. We note that the off- 
diagonal elements of a00 and a11 are of higher order than the 
diagonal elements. Substitution of eq A12 into eq A10 and A l l  
leads to eq 47 for D and eq 72 for [a], respectively. The re- 
striction (~I- lud << 1 has some influence on the constant terms 
independent of L in the square brackets of eq A12 and hence 
eq 47 and 72 but does not in the case of rods ( l p l  = 1). 

In the derivation of eq A12, we must find the asymptotic 
forms of the integral, 

J = soyL [kl(t)]-l dt 

and of similar integrals, where k l  is given by eq 49. This can 
be done as follows. We rewrite eq A13 as 

J = J u L  kz-l dt  + i”” (kl-l - k2-1)  dt  (A14) 

where k2 is also given by eq 49. The first integral of eq A14 can 
be evaluated analytically, and the integrand of the second 
integral may be expanded as 

1 1 
kl(t)  k 2 ( t )  
--- 

(A151 

so that its contribution to J is a t  most of order (vL)O in the 
limit VL - a, and the range of integration may be extended 
to  infinity. Thus we find 

2n - (2n - l)!!(l - p 2 ) n   COS^ t 
(2n)!! [kz(t)12n+’ 

= c  
n= 1 

- co + 21pl(1 - p2)c1 + O(v-’L-’)]  (A16) 

Similarly, asymptotic forms of other similar integrals can be 
found. 

Next, we consider the case of the preaveraged Oseen tensor, 
for which the restriction Ipl-lud << 1 is not necessary. In the 
case of D, the problem is to find the asymptotic form of the 
integral in eq 53, but the derivation is similar to that of eq A16 
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and is omitted. In the case of [VI,  the solution of the integral 
eq 76 may be again expanded in terms of the Legendre poly- 
nomials, and a k l  is given by 

akl = a k l I  

with 

Thus we obtain the asymptotic form, 
T N A ~ ~ L ~  

[VI = 9M all-’ 

with 

Equation A19 with A20 gives eq 79. 
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